We consider the ADE-series of (2, 0) supersymmetric quantum theories on T 5 × R, where the first factor is a flat spatial five-torus, and the second factor denotes time. The quantum states of such a theory Φ are characterized by a discrete quantum number f ∈ H 3 (T 5 , C), where the finite abelian group C is the center subgroup of the corresponding simply connected simply laced Lie group G. At energies that are low compared to the inverse size of the T 5 , the spectrum consists of a set of continua of states, each of which is characterized by the value of f and some number 5r of additional continuous parameters. By exploiting the interpretation of this theory as the ultraviolet completion of maximally supersymmetric Yang-Mills theory on T 4 × S 1 × R with gauge group G adj = G/C and coupling constant g given by the square root of the radius of the S 1 factor, one may compute the number N r f (Φ) of such continua. We perform these calculations in detail for the A-and D-series. While the Yang-Mills theory formalism is manifestly invariant under the SL 4 (Z) mapping class group of T 4 , the results are actually found to be invariant under the SL 5 (Z) mapping class group of T 5 , which provides a strong consistency check.
our (2, 0) theory Φ can be regarded as an ultra-violet completion of maximally supersymmetric Yang-Mills theory on T 4 × R. The gauge group of the Yang-Mills theory is given by the simply laced group of adjoint type G adj whose root lattice Γ root is determined by Φ. We have G adj = G/C, where G is the simply connected covering group of G adj with center subgroup C. In terms of lattices, C ≃ Γ weight /Γ root , where the weight lattice Γ weight is the dual of the root lattice Γ root ⊂ Γ weight . The Yang-Mills coupling constant g is given by the square root of the radius of the S 1 factor. The independence of the low-energy spectrum of the T 5 geometry in particular means that it is independent of the coupling constant, and thus may be computed by semiclassical methods in the weak coupling limit g → 0. This is completely analogous to previous calculations for maximally supersymmetric Yang-Mills theory on T 3 × R [3] .
In the next section, we will outline the general features of this computation. In sections three and four, we will then perform it in detail for the A-series and the D-series respectively. The remaining three models of E-type are left for the future. From the point of view of (2, 0) theory, these results derived in Yang-Mills theory, may be regarded as "experimental" data. Hopefully, they will eventually get a more "theoretical" explanation, shedding light on the conceptual foundations of (2, 0) theory.
The general theory
In this section, we will review maximally supersymmetric Yang-Mills theory with a simply laced gauge group G adj = G/C of adjoint type on T 4 × R and explain how to determine the low-energy spectrum. We will also describe the interpretation of the results from the perspective of (2, 0) theory.
The degrees of freedom
We should first determine the possible topological choices of the Yang-Mills gauge bundle P (a principal G adj bundle over the spatial T 4 ). The relevant homotopy groups of the gauge group G adj = G/C, where G is simply connected with center subgroup C, are
(2.1)
It follows that the isomorphism class of P is completely determined by two characteristic classes: The discrete abelian magnetic 't Hooft flux [4] m ∈ H 2 (T 4 , C), (2.2) and the (fractional) instanton number k ∈ H 4 (T 4 , Q) ≃ H 0 (T 4 , Q) ≃ Q. where the raised dot denotes the tensor product of the cup product on H 2 (T 4 , Z) and the inner product modulo integers on C. (The inner product on C ≃ Γ weight /Γ root is induced from the inner product on Γ weight .) For a given bundle P , we letΩ = Aut(P ) denote the group of gauge transformations (bundle automorphisms). It is parametrized by the space of sections of the bundle Ad(P ) associated to P via the adjoint action of G adj on itself. In general,Ω is disconnected, and we let Ω 0 denote its connected component subgroup. Physical states must be invariant under Ω 0 . Indeed, the generators of infinitesimal gauge transformations are weakly equal to zero in the classical field theory. But the states may transform non-trivially under the discrete abelian quotient group Ω =Ω/Ω 0 of "large" gauge transformations. It follows from the homotopy type of G adj that Ω ≃ Hom(π 1 (T 4 ), π 1 (G adj )) ≃ H 1 (T 4 , C).
(2.5)
The transformation properties of a quantum state can thus be described by the discrete abelian electric 't Hooft flux [4] e ∈ Hom(Ω, U(1)) ≃ H 3 (T 4 , C * ) ≃ H 3 (T 4 , C),
where we have first used Poincaré duality and then the isomorphism between C and its Pontryagin dual C * = Hom(C, U(1)) that follows from the inner product on C. We will work in temporal gauge, so that the time-component of the gauge field is identically zero. The bosonic fields of the theory are then a connection A on the bundle P over T 4 , and five scalar fields Φ 5 , . . . , Φ 9 that are sections of the vector bundle ad(P ) associated to P via the adjoint representation of G adj . The scalar fields transform in the five-dimensional vector representation of the Spin(5) ≃ Sp(4) R-symmetry group. The fermionic fields are four spinors fields Ψ 1 , . . . , Ψ 4 that are sections of ad(P ) ⊗ S, where S is a spinor bundle over space-time. They transform in the four-dimensional spinor representation of Spin(5) ≃ Sp(4).
Low energy states
The Yang-Mills energy density is a sum of positive definite terms, each of which has to be near zero for a low-energy state. We first consider the magnetic contribution 1 g 2 Tr(F ∧ * F ), (2.7) where F is the field strength (curvature) of the connection A on the gauge bundle P . So in the weak coupling limit g → 0, the wave-function of a low-energy state is concentrated near flat connections, for which F = 0. (See e.g. [5] .) For a given P , there is a moduli space M of such flat connections. (For a general discussion, which however focuses on bundles over T 3 , see [6] .) In general, it consists of several components:
where the range of the label α depends on the topological class of P as described by the discrete abelian magnetic 't Hooft flux m ∈ H 2 (T 4 , C). (The instanton number k ∈ H 4 (T 4 , Q) has to vanish for a flat connection, since its image in de Rham cohomology is given by the class of Tr
for some number r α , known as the rank of the component, and some discrete group W α , which acts on the torus T rα . The simplest example of such a component is obtained for an arbitrary group G adj by considering a topologically trivial bundle P , i.e. 0 = m ∈ H 2 (T 4 , C). There is then a component M 0 for which r 0 equals the rank of G adj . In fact, T r 0 may be identified with a maximal torus of G adj , and W 0 is the corresponding Weyl group. But even for m = 0, there are in general also other components.
A flat connection is characterized by its holonomies 
Here m ij ∈ H 2 (T 2 , C) denotes the restriction of the discrete abelian magnetic 't Hooft flux m ∈ H 2 (T 4 , C) to the two-torus spanned by the directions i and j, i.e. m = 1 2! m ij dx i ∧ dx j , where the dx i , constitute a basis of H 1 (T 4 , Z) dual to the basis γ i . Large gauge transformations act on theÛ i by multiplication by elements of the center C, i.e. they amount to a change of lifting of the U i from G adj to G.
At a point p in a component M a of rank r α of the moduli space of flat connections, the holonomies U i spontaneously break the gauge symmetry to a subgroup of rank r α . Generically, the Lie algebra h of this unbroken group is abelian, but in general it may be of the form h ≃ s ⊕ u(1) r , (2.12) for some r, 0 ≤ r ≤ r α , and some semi-simple algebra s of rank r α − r. Given such an algebra h, we let M h ⊂ M denote the closure of the corresponding subspace of M. In general, M h consists of several connected components:
13)
where the range of the index a depends on the subalgebra h under consideration. Large gauge transformations obviously leave h invariant, and thus act by permuting the components M a .
To begin with, we will consider the degrees of freedom associated with the semisimple term s in the unbroken symmetry algebra h ≃ s ⊕ u(1) r . The corresponding part of the holonomies parametrizes the directions in the moduli space M of flat connections that are normal to the submanifold M h on which h is restored.
It is convenient to rescale the four spatial components A i of the gauge field and instead use the canonically normalized variables A ′ i = g −1 A i . In the weak coupling limit g → 0, the periodicity of the A ′ i then goes to infinity, and they can be regarded as four ordinary scalar fields. Together with the five original scalar fields Φ 5 , . . . , Φ 9 and the fermionic fields Ψ 1 , . . . , Ψ 4 , they constitute the degrees of freedom of supersymmetric quantum mechanics with 16 supercharges based on the Lie algebra s. This theory is the dimensional reduction (not compactification) of the corresponding Yang-Mills theory to 0 + 1 dimensions.
This supersymmetric quantum mechanical model has no mass-gap, but is believed to have a finite dimensional linear space V s of normalizable zero energy states. In a perturbed version of the theory, known as N = 1 * and obtained by adding a mass-term to N = 4 supersymmetric Yang-Mills theory in d = 3 + 1 dimensions, one finds that V s has an orthonormal basis with elements in one-to-one correspondence with the set of distinguished markings of the s Dynkin diagram [7] : 
(2.16)
A priori, one may think that adding a mass-perturbation would change dim V s , but these results are actually also (almost) uniquely determined by S-duality of N = 4 supersymmetric Yang-Mills theory on T 3 × R with various (not necessarily simply laced) gauge groups [3] . We must also consider the degrees of freedom associated with the abelian term u(1) r in the unbroken symmetry algebra h ≃ s ⊕ u(1) r . The corresponding part of the holonomies parametrizes the directions along the submanifold M h on which h is restored.
Beginning with the gauge field A, the canonical conjugates to the holonomies are the components of the electric field strength E i = 1 g 2Ȧi . These appear in the electric contribution
to the Yang-Mills energy density, so a low-energy state must have E i = 0. This means that the wave-function of such a state must be locally constant on M h , i.e. it must be constant on each component M h a . Continuing with the scalar fields Φ 5 , . . . , Φ 9 , we need only consider the modes which are covariantly constant over T 4 with respect to the connection A, since non-constant modes necessarily carry energy of the order of the inverse size of the T 4 . We denote the canonical conjugates of these constant modes as Π 5 , . . . , Π 9 . The quantum theory will have a continuum of (non-normalizable unless r = 0) states |Π 5 , . . . , Π 9 labeled by the 5r "eigenvalues" of the corresponding operators Π 5 , . . . ,Π 9 . We call this a rank r continuum. The energy of these states is given by the term Tr(Π 5 Π 5 + . . . + Π 9 Π 9 ) (2.18) in the Yang-Mills energy density. Finally we must take the spinor fields Ψ 1 , . . . , Ψ 4 into account. Again, we need only consider the covariantly constant modes, which however are their own canonical conjugates and generate a Clifford algebra. Quantization thus gives an additional 2 8 -fold degeneracy of the continua of states.
Interpretation in (2, 0) theory
We have found that the complete low energy spectrum may be determined as follows: The spectrum can be summarized by giving the number N r (m,e) (G adj ) of rank r continua of discrete abelian magnetic and electric 't Hooft fluxes m and e in the theory with gauge group G adj .
We will now interpret the results as pertaining to type Φ (2, 0) theory on T 5 × R, where T 5 = T 4 × S 1 : The procedure described so far is covariant with respect to the SL 4 (Z) mapping class group of T 4 , so the numbers N r (m,e) (G adj ) manifestly depend on m and e only via the SL 4 (Z) orbit of the pair (m, e). But by the Künneth isomorphism
19)
the discrete abelian magnetic and electric 't Hooft fluxes m ∈ H 2 (T 4 , C) and e ∈ H 3 (T 4 , C) can be seen as components of a single characteristic class
20)
that we will simply call the discrete abelian 't Hooft flux. We thus write
21)
and (2, 0) theory predicts that these numbers should actually only depend on f ∈ H 3 (T 5 , C) via its SL 5 (Z) orbit [f ]. In general, this prediction is non-trivial, since a single SL 5 (Z) orbit [f ] may consist of several SL 4 (Z) orbits of the pair (m, e).
In the following sections, we will verify this prediction in detail for the A-and D-series, leaving the three E-type models for the future. There is, however, one check that can be performed without having to specify precisely which (2, 0) theory Φ we are considering. To describe this, we begin by recalling that low-energy states are localized on flat connections, for which the instanton number k = [Tr(F ∧ F )] vanishes, and thus in particular is integer-valued. In view of the relation (2.4) , this means that
for a low-energy state. Next, we fix m ∈ H 2 (T 4 , C) and ask what values of e ∈ H 3 (T 4 , C) are possible for a low-energy state. As described above, e determines the transformation properties of a state under the group Ω of large gauge transformations, which act on the holonomies by multiplication by a quartet of center elements c i ∈ C. But if such a transformation is equivalent to simultaneous conjugation of the holonomies by some element g ∈ G (i.e. a gauge transformation in the connected component Ω 0 ), it is trivial and must thus be trivially represented.
In particular, we may choose the element g as one of the holonomies U i , conjugation by which, in view of the almost commutation relations (2.11), is equivalent to multiplication of the holonomies by certain quartets of center elements. The requirement that these transformations are trivially represented on the states gives a set of restrictions on the possible values of e, that can be summarized as
for a low-energy state. The necessary conditions (2.22) and (2.23) for a low-energy state may now be summarized as an SL 5 (Z) covariant condition on the characteristic class f = m + e:
We may write out the formulas (2.22, 2.23, and 2.24) more explicitly by expanding m, e, and f as
where i, j, k = 1, . . . , 4 and a, b, c = 1, . . . , 5. We then have
26)
where ǫ ijkl and ǫ abcde are totally anti-symmetric with ǫ 1234 = ǫ 12345 = 1. So (2.24) is a necessary condition for low-energy states. In the following sections, we will explicitly compute the spectrum of the A-and D-series for these values of f ∈ H 3 (T 5 , C).
The A-series
The simply connected group corresponding to the Φ = A n−1 model is
consisting of unitary unimodular n×n matrices. Its center subgroup C ≃ Z n consists of matrices of the form exp(2πic/n)1l n for c ∈ Z n .
is completely classified by the invariants u and k ′ defined by
For given values of these invariants, a representative of the orbit [m] is given by
We also define the integers v and v ′ by
In terms of these variables, the condition (2.22), that is necessary for a non-empty low-energy spectrum, takes the form u 2 k ′ = 0 mod n, which is equivalent to demanding that the a priori rational number w defined as
be an integer. For a given value of w, possible unbroken subalgebras h of su(n) are of the form
for some partition
of w into r + 1 parts. To describe the corresponding holonomies, we define w ′ , t, and t 1 , . . . , t r+1 by
is a partition of t into relatively prime parts. The holonomies may then be conjugated to a subgroup
where they take the form
Here A and B are some fixed SU(v) matrices that fulfill the almost commutation relations
13)
and A ′ and B ′ are fixed SU(v ′ ) matrices that obey
We may for example choose
and similarly for A ′ and B ′ . The T i are block-diagonal matrices of the form
where the angular variables φ
are subject to the restriction that the complete matrices U i in (3.12) should be elements of SU(n) (rather than of U(n)).
A large gauge transformation parametrized by c = c i dx i ∈ H 1 (T 4 , Z n ) acts on the holonomies according to
However, multiplication of U 1 or U 2 by e 2πi/v is equivalent to conjugation by the matrices B or A respectively, and multiplication of U 3 or U 4 by e 2πik ′ /v is equivalent to conjugation by B ′ or A ′ . Furthermore multiplication of any U i by e 2πi/t can be absorbed by shifting the angles in the expression for T i . This implies that transformations for which
are trivial.
Since the number of normalisable states in s ≃ su(w 1 ) ⊕ . . . ⊕ su(w r+1 ) quantum mechanics with 16 supercharges is dim V s = 1, there is a single rank r continuum of quantum states associated with each connected component M h a of the space of holonomies M h with unbroken algebra h. These components are permuted by large gauge transformations. Diagonalizing this action, we find that there is one continuum for each value of the electric 't Hooft flux e = 1 6 e ijk dx i dx j dx k ∈ H 3 (T 4 , Z n ) such that the components satisfy the conditions
We may now describe the low-energy spectrum in an SL 5 (Z) covariant form as appropriate for the (2, 0) theory of type Φ = A n−1 : Let
be a partition of n into r + 1 parts. To these data is associated a set of rank r continua of states, one for every value of f = m + e ∈ H 3 (T 5 , Z n ) that is divisible by t = n gcd(n 1 , . . . , n r+1 ) (3.22) and obeys the constraint (2.24).
The D-series
The simply connected group corresponding to type Φ = D n is
i.e. the universal double cover of the group SO(2n) of unimodular orthogonal 2n×2n matrices. The center C of G is
Here the trivial element 0 and the non-trivial element v (for "vector") project to the identity element 1l 2n of SO(2n), whereas the non-trivial elements s and c (for "spinor" and "cospinor" respectively) project to the non-trivial center element −1l 2n of SO(2n). Our first aim is to describe the SL 4 orbits [m] of m ∈ H 2 (T 4 , C) and how they give rise to
To begin with, we consider the quotient of C by the subgroup generated by v. This quotient group is isomorphic to
There are 3 different SL 4 (Z) orbits of m v , that we denote as [m v ] = 0, 1, 2 respectively. These symbols 0, 1, 2 are fairly arbitrary, but could be interpreted as the number of obstructions to having a vector structure on the bundle. We say that the bundles with [m v ] = 0, 1, 2 have vector structure, half vector structure, and no vector structure respectively. The following table gives the equations defining these orbits and their cardinalities:
For the bundles with vector structure, i.e. the [m v ] = 0 bundles, we have
ofm, which we denote with the symbols 0, 1, 2 introduced in the previous paragraph. For the bundles with half vector structure, i.e. the [m v ] = 1 bundles, and the bundles with no vector structure, i.e. the [m v ] = 2 bundles, we have to treat the cases of n odd and n even separately.
n odd
When n is odd, C ≃ Z 4 with the following identifications:
There are 7 different SL 4 (Z) orbits of m ∈ H 2 (T 4 , Z 4 ) that we denote as follows:
The orbits [m] = 0, 0 ′ , 0 ′′ have vector structure, so that m = vm for somem ∈ 
We say that the [f ] in the first, second, and third line have vector structure, half vector structure, and no vector structure respectively. In the following The inner product on C is determined by
It follows that an f ∈ H 3 (T 5 , C) such that
has a non-vanishing value of f · f ∈ H 1 (T 5 , C), and thus an empty low-energy spectrum.
n even
When n is even, C ≃ Z 2 × Z 2 with the following identifications:
The theory is invariant under an S 2 group of outer automorphism which permutes the elements s and c while leaving v invariant.
with m s , m c ∈ H 2 (T 2 , Z 2 ). We then have We say that [f ] in the first, second, and third row has vector structure, half vector structure, and no vector structure respectively. In the following thus have empty low-energy spectra for all even n.
The generating functions
Our aim is to compute the degeneracies N r f (D n ) of rank r continua with characteristic class f ∈ H 3 (T 5 , C) in the Φ = D n theory. It is convenient, however, to treat all values of n and r simultaneously by introducing a set of generating functions Z f defined as
for the case of n odd, and
for the case of n even. We will compute these functions in terms of some other functions P , Q, and R, that we will now define. P and Q are the generating functions for the dimensions of the spaces V s of normalizable zero-energy states in s quantum mechanics with 16 supercharges for s an orthogonal or symplectic algebra:
and
It will be convenient to decompose P (q) into terms P even (q) and P odd (q) with even and odd powers of q respectively, i.e. P even (q) = 1 2 (P (q) + P (−q)) P odd (q) = 1 2 (P (q) + P (−q)) . R is a generating function for the number N r k of conjugacy classes of subalgebras of su(k) with abelian term u(1) r−1 . This is given by the number of partitions of k into r parts, so we define for certain values of s, 0 ≤ s ≤ n, and then take the form
Here the V i are given by of the 16 columns. It is convenient to think of these columns as associated with the points of the four-dimensional vector space Z 4 2 over the finite field Z 2 . Like many of the constructions in the rest of the paper, this may be interpreted in terms of orientifolds. (See e.g. [9] [10] .)
The T i can be chosen in a (SO(2)) n−s subgroup, i.e. a maximal torus, of SO(2n− 2s). In each factor, they are parametrized by a quartet (θ 1 , θ 2 , θ 3 , θ 4 ) of angular variables and take the form
Generically, the unbroken subalgebra is h ≃ u(1) n−s . However, if l of the quartets (θ 1 , θ 2 , θ 3 , θ 4 ) of angular variables are equal, a factor u(1) l gets enhanced to u(l) ≃ su(l) ⊕ u(1). If furthermore this common value of the l quartets is such that all entries are equal to 0 or π, the corresponding factors of the T i equal one of the 16 special values in (4.36) with multiplicity 2l. There is then further enhancement to so(2l + k ′ ), where k ′ is the multiplicity associated with that point in Z 4 2 . So only the modulo 2 reductions of the multiplicities are invariant under continuous deformations of the angles θ i .
The modulo 2 reductions of the 16 multiplicities are constrained by the following 11 linear equations over Z 2 : 0 = k+k 4 +k 3 +k 34 +k 2 +k 24 +k 23 +k 234 +k 1 +k 14 +k 13 +k 134 +k 12 +k 124 +k 123 +k 1234 0 = k 1 +k 14 +k 13 +k 134 +k 12 +k 124 +k 123 +k 1234 0 = k 2 +k 24 +k 23 +k 234 +k 12 +k 124 +k 123 +k 1234 0 = k 3 +k 34 +k 23 +k 234 +k 13 +k 134 +k 123 +k 1234 0 = k 4 +k 34 +k 24 +k 234 +k 14 +k 134 +k 124 +k 1234 m 12 = k 12 +k 124 +k 123 +k 1234 m 13 = k 13 +k 134 +k 123 +k 1234 m 14 = k 14 +k 134 +k 124 +k 1234 m 23 = k 23 +k 234 +k 123 +k 1234 m 24 = k 24 +k 234 +k 124 +k 1234 m 34 = k 34 +k 234 +k 134 +k 1234 .
(4.39)
The first equation expresses the fact that the sum 2s of the multiplicities is even. The next four equations follow from the requirement that the V i should be elements of SO(2s) (rather than O(2s)). The last six equations ensure that the holonomies obey the correct almost commutation relations. There are 2 16−11 = 32 solutions to these equations, each of which is characterized by the number 2d, 0 ≤ 2d ≤ 16, of multiplicities that are equal to 1 modulo 2. We get the following number of solutions, depending on the values of [m] and 2d: Recalling that dim V su(l) = 1 and that dim V so(n) for n even and odd are described by the generating functions P even and P odd respectively introduced in (4.30), we see that the generating function Z for the total number of continua of states associated with such a solution is given by R(q, y)P 2d odd (q)P 16−2d even (q), (4.41)
where the function R is defined in (4.31). Here, the coefficient of y r q 2n is given by the number of rank r continua in the Φ = D n theory.
Electric 't Hooft flux with vector structure
Generically, each solution to (4.39) corresponds to a single component M α of rank r α = n − d of the moduli space M of flat connections. This is true if the different liftings of the holonomies from SO(2n) to Spin(2n), i.e. large gauge transformations parametrized by v ∈ C, are equivalent modulo simultaneous conjugation of the holonomies, and implies that e ∈ H 3 (T 4 , C) will be of the form e = vẽ (4.42)
for someẽ ∈ H 3 (T 4 , Z 2 ). We say that such an e has vector structure. Large gauge transformations parametrized by s ∈ C (or equivalently by c ∈ C, since we still assume that v = s − c acts trivially) act by interchanging the points of Z 4 2 pairwise. There are 15 non-trivial such transformations, and generically they act freely, but it might be that a particular transformation has a fixed point. A necessary condition for this to happen is that the multiplicities are pairwise equal. For example, symmetry in the 1-direction on T 4 requires that Still assuming that large gauge transformations parametrized by v ∈ C act trivially in all directions on the torus, we may now determine the number of continua of states for different values of the electric 't Hooft flux e ∈ H 3 (T 4 , C). By assumption, e = vẽ for someẽ ∈ H 3 (T 4 , Z 2 ). If all large gauge transformations parametrized by s ∈ C (or equivalently by c ∈ C) act freely, there will be a fraction 1 16 of the total number for each of the 16 possible values ofẽ. But if a certain large gauge transformation has a fixed point, the corresponding component ofẽ must be 0. There will then be a fraction 
Electric 't Hooft flux without vector structure
We must now consider the possibility that different liftings of the holonomy from SO(4k + 2) to Spin(4k + 2), i.e. large gauge transformations parametrized by v ∈ C, give rise to different states. The corresponding component of e ∈ H 3 (T 4 , C) will then equal s or c. We say that such e have no vector structure. This will happen if the 8 multiplicities associated with the points of a codimension 1 hyperplane of Z Finally, we must also consider the possibility of combining the two phenomena described so far: A configuration could be such that large gauge transformations parametrized by s or c act with a fixed point in one direction and also admit nontrivial large gauge transformations parametrized by v in some other direction. This is described by the equations (4.39), 
Bundles with half vector structure
As described above, these bundles have m mod v = m v ∈ H 2 (T 4 , Z 2 ) such that [m v ] = 1. We may e.g. take for n even, where the 3 orbits in parentheses have empty low-energy spectra. The holonomies may be conjugated to a subgroup The holonomies now take the form
(4.69)
The V i ∈ Spin(2n − 4s) are chosen to obey the almost commutation relations determined by m. For n odd, the simplest example is for s = 1 2 (n − 3), where we can use the isomorphism Spin(2n − 4s) = Spin(6) ≃ SU(4) and the construction described for the Φ = A 3 model. For n even, the simplest example is for s = 1 2 n, so that Spin(2n − 4s) ≃ 1 is the trivial group. In any case, we will define s so that all Each of the s quadruples W (2) is chosen to obey the almost commutation relations determined by m v ∈ H 2 (T 4 , Z 2 ), where Z 2 is identified with the center of SU(2). This is given by the construction described for the Φ = A 1 model. These quadruples thus break all generators of the (3, 1) terms.
Finally, the s quadruples T
take their values in a maximal torus of SU(2) generated by e.g. the Pauli matrix σ = σ 3 , i.e. each of them is of the form
for some quartet of angular variables (θ 1 , θ 2 , θ 3 , θ 4 ). With the value of m v given e.g. by (4.64), T 1 and T 2 are defined modulo the non-trivial center element −1l 2 of SU (2) . Generically, these quadruples break the generators of the (1, 3) terms to u(1) s , but for the 4 particular values
the corresponding u(1) term is enhanced to su(2) ≃ sp(2). To analyze the (2, 2, 2, 2) terms, we need the spectrum of one of the 1 2 s(s − 1) pairs W i ⊗ W ′ i on the representation (2, 2) of SU(2) × SU(2). E.g. with m v as in (4.64), we get It follows that if e.g. l quartets T i are equal (up to signs), there are 2 · 1 2 l(l − 1) unbroken generators, and u(1) l is enhanced to u(l) ≃ su(l) ⊕ u (1) . Furthermore, if these l quartets T i take one of the four particular values above, there are actually 4 · 1 2 l(l − 1) unbroken generators, and sp(2) l is enhanced to sp(2l). Finally, if these l quartets T i take one of the 12 particular values
there are also 4 · 1 2 l(l − 1) unbroken generators, and u(1) l is enhanced to so(2l). To analyze the (2n − 4s, 2, 2) terms, we need the spectrum of one of the s pairs V i ⊗ W i on the representation (2n − 4s, 2) of Spin(2n − 4s) × SU(2). Consider the s = 1 2 (n − 3) case for n odd. E.g. with m v as in (4.64), there are four inequivalent choices of V i , characterized by a pair
The corresponding spectra on the representation (6, 2) are
(4.75)
The four pairs in (4.74) correspond to the four columns of special values in (4.73). When l quartets are equal to one of the three values in that column, so(2l) is enhanced to so(2l + 1). Still for n odd, 4 other solutions associated with the columns in (4.73) have so(2l) to so(2l + 1) enhancement when l quartets are equal to one the nine values not in that column. 12 solutions are associated with a row and a column, and have enhancement for the five values that are in that row but not in that column, or not in that row but in that column. Finally, 12 more solutions have enhancement for the seven values that are in that row and in that column, or not in that row and not in that column.
So for n odd, the number of solutions where d = n − 2s of the special values (4.73) have so(2l) enhanced to so(2l + 1) is given by the following The case n even may be analyzed in an analogous way: For [m] = 011 or [m] = 101, one solution has no enhancement at any value, and one solution has enhancement at all twelve values. Three solutions are associated with the rows, and have enhancement for the four values in that row, and three more solutions have enhancement for the eight values not in that row. Six solutions are associated with pairs of columns, and have enhancement for the six values in either of these columns. Finally, eighteen solutions are associated with a row and a pair of columns, and have enhancement for the six values that are in that row and in either of these columns, or not in that row and in neither of these columns. For [m] = 111, or [m] = 221, the value of m distinguishes between the row and the columns, so the pattern is slightly more complicated. The results are summarized in the following table: d = 0 1 2 3 4 5 6 7 8 9 10 11 12  011  1  3  24  3  1  101  1  3  24  3  1  111  2  4  20  4  2  221  12  8  12 (4.77)
In all cases, the generating function for the total number of continua of states associated with such a solution is R(q 2 , y)Q(q 2 ) 4 P d odd (q 2 )P 12−d even (q 2 ). (4.78)
Electric 't Hooft flux with vector structure
With m v as in (4.64), large gauge transformations parametrized by v ∈ C act trivially in the 1-and 2-directions. In e.g. the 3-direction, it acts freely, unless the configuration is symmetric under exchange of the first and the third columns and the second and the fourth columns in (4.73). This cannot happen for n odd, so there we get
R(q 2 , y)Q(q 2 ) 4 4P 3 odd (q 2 )P 9 even (q 2 ) + 12P 5 odd (q 2 )P 7 even (q 2 ) +12P 7 odd (q 2 )P 5 even (q 2 ) + 4P 9 odd (q 2 )P 3 even (q 2 ) . For n even, there are the following number of possibilities for this to happen: R(q 2 , y)Q 4 (q 2 ) 2P 10 even (q 2 )P 2 odd (q 2 ) + 4P 8 even (q 2 )P 4 odd (q 2 ) +20P 6 even (q 2 )P 6 odd (q 2 ) + 4P 4 even (q 2 )P 8 odd (q 2 ) + 2P 2 even (q 2 )P 10 odd (q 2 ) + 1 4 R(q 2 , y)Q 2 (q 4 ) 2P 5 even (q 4 )P odd (q 4 ) + 4P 4 even (q 4 )P 2 odd (q 4 ) +4P 3 even (q 4 )P 3 odd (q 4 ) + 4P 2 even (q 4 )P 4 odd (q 4 ) + 2P even (q 4 )P 5 odd (q 4 ) Z 221 = 1 4 R(q 2 , y)Q 4 (q 2 ) 2P 10 even (q 2 )P 2 odd (q 2 ) + 4P 8 even (q 2 )P 4 odd (q 2 ) +20P 6 even (q 2 )P 6 odd (q 2 ) + 4P 4 even (q 2 )P 8 odd (q 2 ) + 2P 2 even (q 2 )P 10 odd such that the rank of h equals n 4 for n = 0 mod 4 and n−2 4 for n = 2 mod 4. Furthermore, a number 0 ≤ d ≤ 10 of n 1 , . . . , n 10 are odd and the remaining 10 1  15  15  1  202  1  15  15  1  112  1  6  18  6  1  122  3  13  13  3  212  3  13  13  3  222  10  12  10 (4.93)
The total number of continua of states for such a solution is given by R(q 4 , y)Q 6 (q 4 )P d odd (q 4 )P 10−d even (q 4 ). (4.94)
Large gauge transformations parametrized by v ∈ C always act trivially, and those parametrized by s ∈ C or equivalently c ∈ C always act freely. We thus get the following generating functions:
Z 022 = Z 202 = R(q 4 , y)Q 6 (q 4 ) P 10 even (q 4 ) + 15P 4 odd (q 4 )P 6 even (q 4 ) +15P 6 even (q 4 )P 4 odd (q 4 ) + P 10 odd (q 4 ) Z 112 = R(q 4 , y)Q 6 (q 4 ) P odd (q 4 )P 9 even (q 4 ) + 6P 3 odd (q 4 )P 7 even (q 4 ) +18P 5 even (q 4 )P 5 odd (q 4 ) + 6P 7 odd (q 4 )P 3 even (q 4 ) + P 9 odd (q 4 )P even (q 4 ) Z 122 = Z 212 R(q 4 , y)Q 6 (q 4 ) 3P 2 odd (q 4 )P 8 even (q 4 ) + 13P 4 odd (q 4 )P 6 even (q 4 ) +13P 6 even (q 4 )P 4 odd (q 4 ) + 3P 8 odd (q 4 )P 2 even (q 4 ) Z 222 = R(q 4 , y)Q 6 (q 4 ) 10P 3 odd (q 4 )P 7 even (q 4 ) +12P 5 even (q 4 )P 5 odd (q 4 ) + 10P 7 odd (q 4 )P 3 even (q 4 ) . (4.95)
The results
The number of rank r continua of 't Hooft flux f ∈ H 3 (T 5 , C) in the Φ = D n theory is given by the coefficient of y r q 2n in the power series expansion of the generating function Z f (q, y). We have computed alternative expressions for these functions for f with vector structure, half vector structure, and no vector structure, and found that they are given by R(q, y), R(q 2 , y), and R(q 4 , y) respectively, times a polynomial in the functions P even and P odd with various arguments. The equality of these different expressions for a single SL 5 (Z) orbit [f ] amounts to certain combinatorial identities for P even and P odd , that may be proven e.g. by relating them to modular forms. (See e.g. [11] .) Here, however, we will only expand the expressions for Z [f ] (q, y) to the first few orders in q.
For n odd, one finds for f ∈ H 3 As a last minor check, we note that for the Φ = D 4 model only, there is an S 3 triality group of automorphisms which permute the non-trivial center elements s, c, v ∈ C ≃ Z 2 × Z 2 : Restricting attention to the q 8 terms, we have Z 110 = Z 011 = Z 101 = (10 + 2y + y 2 )q 8 mod q 2n , n = 4 Z 220 = Z 022 = Z 202 = (6 + y)q 8 Z 221 = Z 122 = Z 212 = 3q 8 .
(4.102)
